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Abstract 

We construct a Frechet space as a subspace of C u (<D n ) where the Wick star product con- 
verges and is continuous. The resulting Frechet algebra An is studied in detail including a 
■"-representation of An in the Bargmann-Fock space and a discussion of star exponentials and 
coherent states. 

1 Introduction 

Deformation quantization usually comes in two flavours: formal and strict deformations: 

In formal deformation quantization as introduced by [2], see also [20,25] for recent reviews, one 
considers the Poisson algebra of smooth complex- valued functions C°°{M) on a Poisson manifold 
as observable algebra in classical mechanics. A formal star product * is a C[ [A]] -bilinear associative 
product for C°°(M)[[A]] such that in zeroth order f -kg is the pointwise product and in first order of 
A the ^-commutator gives i times the Poisson bracket. Usually one requires the higher orders to be 
given by bidifferential operators. The algebra C°°(M)[[A]] then serves as a model for the quantum 
mechanical observables corresponding to the classical system described by M. In particular, the 
formal parameter A corresponds to Planck's constant h and should be replaced by h whenever one 
can establish convergence of the formal series. 

On the other hand, in strict deformation quantization as introduced in [44], see also [35], one 
works on the framework of C*-algebras where the dependence of the deformed product *^ on the 
deformation parameter h is now required to be continuous. This is made precise using the notion 
of continuous fields of C*-algebras. 

While in the first approach one has very strong existence [18, 22-24, 34, 41] and classification 
results [3,17,26,34,38,39,47], the formal character of Planck's constant is, of course, physically 
not acceptable. Here the second approach is much more appealing as it directly uses the analytical 
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framework suitable for quantum mechanics. On the other hand, however, a general construction 
and reasonable classification of strict quantizations seems still to be missing. 

Many examples like the global symbol calculus on cotangent bundles [6-8], Berezin-Toeplitz 
quantization on Kahler manifolds [5,13-16,33] as well as [4] suggest that the formal star products 
should be seen as asymptotic expansions for h — > of their convergent counterparts in strict 
quantization. On the other hand, many formal star products allow for large subalgebras, where the 
formal series actually converge, whence in some sense the asymptotics can be used again to recover 
the strict result, a heuristic statement for which a general theorem unfortunately is still missing. 
The above examples also suggest that there is a framework in between formal and C""-algebraic, 
namely one can try to construct deformations of C°°(M) (or suitable subalgebras of it) in the 
framework of Frechet or more generally locally convex algebras. Early results in this direction have 
been obtained in [27,30,36], see also [40]. Moreover, a general set-up of smooth deformations has 
been established and exemplified in [21], in [43] holomorphic deformations were studied. 

The example we are going to discuss will provide an entire holomorphic deformation of a Frechet 
subalgebra of C U {M). More specifically, we consider the most simple phase space M = C™ with 
its canonical Poisson structure {z k ,z e } = j5 ke and the formal Wick star product 



where z ,. . . ,z n are the canonical, global, holomorphic coordinates on C ra . Our convergence scheme 
to construct the 'convergent' subalgebra A% is then based on the crucial observation that the Wick 
star product enjoys a very strong positivity property [10-12]: every (5-functional is a positive 
C[ [A]] -linear functional in the sense of formal power series. After choosing a point p £ C™ and 
h > this will allow us to construct recursively a system of seminorms for which the Wick star 
product is continuous, thereby defining our algebra A Pt n. Moreover, we shall construct, via the GNS 
construction corresponding to the positive functional S p , a faithful ""-representation of A Pt n on a 
dense subspace of the Bargmann-Fock space giving an interpretation of the (5-functionals as coherent 
states with respect to the Heisenberg group H n acting on <C n . We treat this example in quite some 
detail as we believe that it may serve as a good starting point for geometric generalizations to 
Wick star products on Kahler manifolds [9,31] suitable for a bottom-up approach to [5,13-16,33]. 
Moreover, in a future project we shall discuss the field-theoretic generalization for infinitely many 
degrees of freedom. 

The paper is organized as follows: In Section 2 we briefly recall some basic properties of * W ickj 
the formal GNS construction for 5-functionals and the Bargmann-Fock space. Section 3 is devoted 
to the construction of the seminorms, depending on p G <C n and H > 0. This gives the space A Pt n 
which is shown to be a subspace of C w (C n ) with a Frechet topology. In Section 4 we show that 
A p fi is a subalgebra of C^(C) such that the pointwise product as well as the Poisson bracket are 
continuous, i.e. A P: n becomes a Frechet-Poisson algebra. Moreover, we show that the formula (1.1) 
for *wick actually converges on A Pt n in the Frechet topology resulting in a continuous product. This 
way, A p fi becomes a holomorphic deformation. In Section 5 we discuss the dependence on the a 
priori chosen point p and on the value H > of Planck's constant. It turns out that the translation 
group acts on A Pt n by inner ""-automorphisms whence A P: n = An does not depend on the choice of 
p. As a side remark we show that the star exponential, see [2], of linear functions converges in the 
topology of An- Moreover, for all values h > the algebras An are isomorphic in a canonical way. 
Finally, in Section 6 we show how the GNS construction yields a ""-representation of An in the sense 
of [45] in the Bargmann-Fock space. The action of the Heisenberg group by inner ""-automorphisms 
gives easily the coherent states. 




(1.1) 
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2 Preliminary results 

In this section we shall collect some well-known results on the Wick star product which we shall 
use in the sequel, see e.g. [9,10]. 

On the classical phase space R 2n = C n with standard symplectic form uj = | d z k A d z h one 
defines the formal Wick star product by 

_ - (2Af v d r f &g 

/★wickff 2^ r \ Z> dz h ...Q z ir ...a^r' v- l > 

r=0 ii,...,ir 

where /, g € C°°((C n )[[A]], the formal parameter A corresponds to Planck's constant H without any 
further prefactors and z, z denote the usual global holomorphic/anti-holomorphic coordinates on 
C n . Then 

*wick is known to be an associative star product quantizing the canonical Poisson bracket 
corresponding to uj. It has the separation of variable property in the sense of Karabegov [31,32] 
and is in fact the name-giving example of a star product of Wick type in the sense of [9]. Moreover, 
* Wick is Hermitian 

/ *Wick g = g *Wick /) (2-2) 

where according to our interpretation of A the formal parameter is defined to be real A = A. We 
shall also frequently make use of multiindex notation: Let R = (ri, . . . , r n ) G N n be a multiindex, 

then one defines \R\ = r\ H + r n , R\ = r±\ ■ ■ ■ r n \ as well as z R = {z l ) ri ■ ■ ■ (z n ) rn etc. Moreover, 

we define R < L if < 4 for alH = 1, . . . , n. The Wick star product can equivalently be written 

as 

_~(2\)\K\ d \R\f d \R\ g 
/*wick<?-2^ m 9z r m n- V- 6 ) 

The Wick star product enjoys a very strong positivity property which e.g. the Weyl-Moyal star 
product does not share: If 5 p : C°°(C n )[[A]] — ► C[[A]] denotes the evaluation functional at p £ <C n 
then we have 

d \R\f 



°p{J *Wick J ) — / J 



R\ 

R=0 



Cfz R 



> 0, (2.4) 



where the positivity is understood in the sense of the canonical ring ordering of R[[A]], see [10,46] 
for a detailed discussion on the physical relevance of this notion of positivity. This very strong 
positivity property is not true for general Hermitian star products: instead one has to add 'quantum 
corrections' to a given classically positive functional (here S p ) in order to obtain a positive functional 
with respect to the star product. Since positive functionals play the role of states the above simple 
observation implies that for the Wick star product any classical state defines a quantum state 
without any quantum correction, see [46] for a detailed discussion on the general situation. In fact, 
the Wick star product is used in an essential way for proving that for an arbitrary Hermitian star 
product one can always construct quantum corrections for a classical state, see [11,12]. 

Since 5 P is a positive functional for * W ick we have a corresponding GNS representation of the 
Wick star product algebra C ,00 (C ra )[[A]]. In fact, this example was one of the first examples of 
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GNS constructions in deformation quantization. Since we need the construction in the following, 
we briefly review the results from [10]. The Gel'fand ideal dp of S p is given by 



3 P = {/ | /) = 0} = j/ 



9z R 



(p) = for all R } . 



The GNS pre Hilbert space "K p = C°°(C n )[[A]]/a p can canonically be identified with 

tt BF = (D[[y\...,r]][[A]] 
with the C[ [A]] -valued positive definite inner product 



R=0 



R\ dy R ' dy R 



(2.5) 



(2.6) 



(2.7) 



where the identification of a class ipf £ 'Kp is given by its formal anti-holomorphic Taylor expansion, 

" 1 <>"J\ .-/,- 



R=0 



(p) y H , 



(2. 



where ipf denotes the equivalence class of the function / in "K p . Then the GNS representation on 
"Hp defined by Tr p (f)ip g = ^/* W ick9 ^ s translated into 



SpU)- 2^ risi dz R dz s[p)v ^ R ' 



R,S=0 



QyR ' 



(2.9) 



via the unitary map (2.8). In particular, for p = we see that this gives the formal analog of 
the usual Bargmann-Fock space and the Bargmann-Fock representation: indeed, recall that the 
Bargmann-Fock space is the Hilbert space 



/ £ 0(C r 



1 



|/(2:)| 2 e 2~n dzdz < 00 



(2.10) 



of anti-holomorphic functions which are square-integrable with respect to the Gaussian measure, 
see [1]. Then it is well-known that fj B F is actually a closed subspace of the L 2 -space for this measure 
and hence a Hilbert space itself. Moreover, the L 2 -inner product can be evaluated by the same 
formula (2.7) if one replaces A by h, where the series now converges absolutely. A Hilbert basis for 
^bf is given by the monomials 



^r(z) 



1 



z R . 



(2.11) 



y/(2h)\ R \R\ 

From (2.7) we see that the Hilbert space ^ B f can be interpreted as the space of those anti- 
holomorphic functions whose Taylor coefficients at form a sequence in a (weighted) £ 2 -space. 



3 Construction of the Frechet space A p ^ 

The motivation for our convergence scheme is rather simple: we fix h > and we fix a point p G C™. 
Then we are looking for a subalgebra of C 00 (C ri )[[A]] such that 5 p (f) converges for A = h. Though 
this looks rather innocent at the beginning, we obtain a hierarchy of conditions: For /, g in our 
algebra we want f* W ickg to be in the algebra as well whence 6 p (f -k Wick g) has to converge for A = h 
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as well. The idea is now to estimate the convergence of S p (f * Wick g)\ x=h by 5 p (f * Wick f )\ x=h and 
8 P (g *wick g)\ x=h using the Cauchy-Schwarz inequality for the positive (5-functional. An iteration 
of this procedure will lead to countably many unary conditions for a function / to belong to our 
algebra, which we shall interpret as seminorms determining the algebra. This approach can hence 
be used as a heuristic motivation for the following definition of the seminorms. 

Definition 3.1 Let R, S 6 N n be multiindices, m G N and i = 0, . . . , 2 m — 1. Then we define 
recursively for f G C 00 ^™) 



(p) 



= E 



(2h) 



R\ + \S\ + \N\ 



N=0 



and 



R N+S 



d \R\ + \S\ + \N\ f 



d z Rdz N + s 



(p) 



(3.1) 



El EE(f)(T)e ilW (/) t even 



N=0 

oo 



a=o j=o 

R N+S 



(3.2) 



l>jV=0 



a=o j=o 



The precise form of the recursive definition will become either clear by following the above heuristic 
argument in detail or from the proof of Proposition 3.7: the binomial coefficients arise from the 
Leibniz rule. 

Thanks to the positivity (2.4) of the (5-functional it is clear that h^ RS {f) either converges 
absolutely or diverges absolutely to +oo, as it is a series consisting of non-negative terms only. By 
induction, the same is true for all other h v ^ lRS (/). Hence we have 



<Us(/)e[0,+oc], 

where 'convergence' is always absolute and does not depend on the order of summation. 
Definition 3.2 For f G C°°(C n ) we define 



(3.3) 



m,e,R,S 



Moreover, we define 

A p ,n = {/ € C°°(C" 



2 m+1 /,p,S 



,R,s(f) G[0,+oo]. 



m 



h £ RS < oo for all m, i, R, S*| . 



(3.4) 



(3.5) 



The first step is now to show that A p fi is a vector space and that the IHIm^flS are seminorms 
on A p fi. This will be a consequence of the following proposition: 

Proposition 3.3 The maps \\-\\ p meRS : C°°(<C n ) — ► [0, +oo] enjoy the following properties: 
i-) ll«/ltt A 5 = NII/ti fl> 5/^«eC. 



) 11/ + 9\\ V m,t,R,S - \\f\\ P m,t,R,S + \\9\\ V m,t,R,S- 



<p,h 
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Hi.) 11/ 


Wm-1,£,R,S 


<\\f 


md Wf\C-iAR,S < II. 


/ m,2£+l,R,S 


iv.) 11/ 


Wm,e,o,s - 


2 m+2 


^11 


/ llm+1,2^,0,0 - 




v.) 11/ 


Wm,e,R,0 — 


2^72 + 2 


7U| 


/ llm+1, 2^+1, 0,0' 




vi.) 11/ 


\\m,i,R,S - 






VO. 11/ || m+2 ,4£+l,0,0- 





Proof: The first part is clear by a simple induction. For the second part the case m = follows 
directly from Minkowski's inequality Then m > is shown inductively by using again Minkowski's 
inequality for both cases of odd and even £. The remaining inequalities between the H/H^^iis f° r 
different values of the parameters are simply obtained by omitting all but one term for a specific 
N in the defining summations of (3.2). For example, in the third part one considers N = and 
I = R, J = S only while for the fourth and fifth one uses N = S = J and N = R = I. ■ 

Thus the maps IHIm^flS' restricted to A p ^, give indeed seminorms. Moreover, the labels R, S 
play only a minor role thanks to the estimates in the last part of the proposition. This motivates 
the following definitions. For / G C°°(C n ) we define 

11/11$ = H/llS,o,o ( 3 - 6 ) 

«* = o<§^-i{ ll/l| S}- ( 3 - 7 ) 
Then we have the following simple corollary: 

Corollary 3.4 The set A Pt n C C 00 (C™) is a subvector space and the H-llm^RS are seminorms on 
Apfi. Moreover, the seminorms ||-||$ as well as the seminorms ||-||^ determine the same locally 
convex topology on A p fi. 

In the following, we shall equip A Pt n always with this locally convex topology induced by the 
seminorms IHIm^flS- H° wever > this topology has one unpleasant feature: it is non-Hausdorff 
as a function / whose Taylor expansion at p vanishes identically has clearly ||/||$#g = for 

all parameters m,£,R,S. On the other hand, as one sees already from the seminorm \\-\\i ,h the 
functions with vanishing oo-jet j2°/ at p are the only functions with this property. Thus we identify 
them to be zero in order to have a Hausdorff topology: 

Definition 3.5 We define 

A p , h = A Pih / {/ G C°°(<D") | fff = 0} , (3.8) 

and equip A Pt n with the induced locally convex topology determined by the seminorms IHI^fg^g (or 
equivalently, by the seminorms 

Clearly, A Pt n is now a Hausdorff locally convex topological vector space. The following theorem 
shows that the abstract quotient can be viewed as a certain subspace of the real-analytic functions 
on C n : 

Theorem 3.6 Let h > and p £ <C n . 
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i-) Apfi is a Hausdorff locally convex topological vector space. 

ii.) Every class [/] G A v ,n has a unique real-analytic representative f G C W (C"). Therefore, we 
identify Apfi with the corresponding subspace ofC w { < E> n ) from now on. 

ii.) Every function f G A p ft has a unique extension to a function f G OxO(C™ x C n ), i.e. 
holomorphic in the first and anti-holomorphic in the second argument, such that 



/ = A*/, 

where A : <D n B z i-> (z, z) G C n x C™ is the diagonal, 
iv.) Any f G C^C") suc/i there exist constants a, 6, c > wit/i 

Q\R\+\s\ f 



(3.9) 



belongs to A p ^. In particular <C[z, z] C 



(P) 



< ca^b^ 



(3.10) 



Proof: The first part is clear. For the second, we consider 



1,1,0,0 - 



> 



( 2 ^)2|fl|+2|S| 

R\(s\y 



d\R\+\s\f 



dz R dz s 



(p) 



for all R, S. Thus we obtain 



q\ r \+\s\ f 



dz R &z s 



(p) 



< 



p,h 
1,1,0,0 



(3.11) 



But this implies that the series 



°° 1 a|fl|+|S|f 



converges for all z,w £ <C n . Thus / G OxO(C" x C n ) and clearly A*/ is in the same equivalence 
class as /. This shows the second and third part. Now assume / G C u} (<D n ) satisfies (3.10). Then 

Ki R ,s (/) < c\ 2m2n {2fm 2 )\ R \{2Kb 2 )\ s \, 

whence there are constants co,o = c 2 e 2tA n , ao,o = 2ha 2 and &o,o = 2/l6 such that 

h 0,0,R,S (/) ^ C 0,0 4fo 6 B1 • 

We claim that for all m, £ there are constants a m ^, b m ^ and c mj £ such that 

h mAR,S (/) ^ <W «S b S- 

Indeed, a recursive argument shows that 



Cm,e — c m-l,£/2' 



Ji(l+b„ 



, a m ,e = (1 + «m-i//2) 2 , &m,£ = (1 + b m -i,e/2) 
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for even t and 

c m/ = <4-i,(<-i)/2 en(1+am " 1,(/_1)/a)a . a m,£ = (1 + fe m -i,(£-i)/ 2 ) 2 , b m/ = (1 + a m _ lj( ^ 1)/2 ) 2 
for odd £ will do the job. But then all seminorms of / are finite. ■ 

Since the polynomials are in A p fi we shall make intense use of them. The next proposition 
gives a first hint on the continuity of the Wick product. Here and in the following we shall use the 
notation *^ ick for the Wick product with A being replaced by h. 

Proposition 3.7 Let f G C 00 ^™) and let g £ C[z,z] be a polynomial, 
i.) f *^ ick g is a finite sum and thus a well-defined smooth function. 



*■) l|/*Wickff 



\p,h 



wick y\\ m ,e,R,s 



< 



p,h II up,h 

m+l,2 m +e,R,S W9\\m+l,e,R,S- 



Proof: The first part is clear from the explicit form of * W ick- For the second part we first have by 
the Cauchy-Schwarz inequality 



/*wic k 5 (P) 



finite 



2^ ~^r- iotCp) -s=at(p) 



N\ dz N 




\N=0 

= ^o,'o,o,o (/) ^o,'o,o,o (flO ■ 



(*) 
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Now partial derivatives are still derivations of * W ick and hence of *wick ^ one °f the functions is a 
polynomial. This allows the following computation 



K',0,R,S (/ *wick 9) 



< 



E 

N=0 

00 

E 

AT=0 

00 

E 

N=0 



(2^)I^I+I«I+I 5 I 
AH 

(2£)|iV|+|i*|+|S| 



d \N\ + \R\ + \S\ 



&z N+s dz R 



(/ 4ick 5) 



(p) 



AT! 



R Ar+S ' R\I\+\J\1 f>\N+S-J\ + \R-I\ n 

2^\l)\ J ) dz I^J Wick fcR-IfoN+S-J 



1=0 J=0 



(p) 



(2ft) 



|JV|+|ii|+|S| / R Ar + S ' 



(*) 



<£ 



TV! 



|tf|+|fl|+|S| 



7=0 J=0 
AM-S 



a |/| + |J|J a |jv + 5-J| + |fl-/| 5 



dz ! dz J 



dz R - I dz N + s - 



(P) 



N=0 



R N+S 



r=0 J=0 



^0,0,0,0 1 



dz R - I &z N+s - J 



Af+5-J 



(5) 



Af=0 

OO 



a=o j=o 

i? AT+S 



<Em(EE (?)ffl^(/)] f E E (m N f)KLA9) 



N=0 



a=o j=o 



a=o j=o 



ft 



R N+S 



< 



\ EjMEE fflfflCm \Ef EE ffl(T)« 

\ AT=0 ' \7=0 J=0 / N N=0 ' \/=0 J=0 



7,J (5) 



h l,l,R,S (f)\/ h l,0,R,S (9) 



which proves the second part for the case m = 0. Note the necessity that one function (we have 
chosen g) is polynomial since otherwise the 'function' / *^ ick g is a priori not defined as a smooth 
function. The general case is now obtained by a straightforward induction on m only using the 
Cauchy-Schwarz inequality. ■ 



Corollary 3.8 The pointwise complex conjugation is a continuous map A p fi — ► A v ^. We have 

\\f\\m,e,R,S ~ ^m+l,i,R,S II / Hm+l,2«*+^,i2,S' " ( 3 - 12 ) 

Note however that the seminorms themselves are not invariant under complex conjugation 
/<-►/, though the complex conjugation is continuous. 

We also note that the second part of the proposition already shows some nice continuity prop- 
erties of the Wick star product, at least if one function is a polynomial. Note however, that the 
above argument will not extend to arbitrary /, g whence we shall need another route. 

Theorem 3.9 The polynomials C[z,z] C A Pt n are dense. More specifically, the Taylor expansion 

00 1 f)\i\+\J\f 

/(*'*) = E MWdF-Wz-pftl-Vy (3-13) 
i,j=o 
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of f G A p fi C C7 W (C") converges unconditionally to f with respect to the topology of A Pt n- In 
particular, the truncated Taylor polynomials 



N M i fi\i\+\J\f 



(3.14) 



1=0 j=o 

converge unconditionally to f in the topology of A v ^. 



Proof: Clearly, we only have to show the later statement. First we rewrite the seminorms || ■ ||^ R , 
in the following 'measure-theoretic' way 



uvfi ( t\ — V 1 ,.m,t,R,S,h 
a m,e,R,S U) — " ' 2^ ''/:. - /-../|.— 

/i,Ji=0 / S ,J 3 =0 



ai J ii+i J ii/ 



Q z I a Q z -h 



(P) 



where l^'^'fj^ ... j s — are numerical constants not depending on p, and s = 2 m . This can be seen 

for the 

[0,oo) 



by induction easily The concrete form of the coefficients M™'f.'.' R }f'j 1 j s is n °t important for the 
following argument. Now we define for / £ C°°(C n ) a non-negative function : N 2sn 

by 



<j)p(f)(h,...,I s ,Ji,...,J s 



g\h\+\Ji\ f 



0|J.|+|J.| / 



dz Ia &z Js 



(P) 



Then we can interpret ^ s (/) as the 'integral' of 4> p {f) over N 2sn with respect to the weighted 
counting measure dn m,i ' R ' S ' h determined by the coefficients /i^'f.'/jf'jj ... j s , i.e. 



J K 2sn 



m,£,R,S,h 



Now let K,LC N n be finite subsets and define the polynomial 

..... v-v- 1 dW+W 



Then we clearly have 

P (/-/ (K ' L) ) (h, 



ieK JeJ 



) Is ? Jl ? ■ ■ ■ > Js 



if h,...,I s € K, Ji,..., J s € L 

^p(/) else, 



(3.15) 



Thus when K, L exhaust N n , the function <p p (f — f( K ' L ^) converges pointwise and monotonically to 
zero, i.e. for KCK' and L C L' we have 

P (/ - / (K ' L) ) > (/ - / (K ' L ' } ) , 

and for all / 1 , . . . , I s , J\ , . . . , J s 

k lirn^ 4> P (f ~ / (K ' L) ) (h, ■ ■ ■ ,I„ Jl, ■ ■ ■ , Js) = 

in these sense of net convergence for the net of finite subsets of N™. Now an order of summation in 
(3.13) corresponds to a strictly increasing sequence Kj x Lj C N ra x N n which exhausts N n x N". 
Then 

lim KfiRsif-f^) = lim f 0pf/-/ (K< ' Li) )d^ fl ' 5 ' n = O 
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by dominated convergence. But this is equivalent to the unconditional convergence of (3.13), see 
also [29, Sect. 14.6, Thm. 1]. ■ 



We now come to the main result of this section: 

Theorem 3.10 The locally convex topology of A Pt n is complete, i.e. A P: % is a Frechet space. 

Proof: Since the topology is determined by countably many seminorms we only have to consider 
Cauchy sequences and not Cauchy nets. Thus let fi G A Pt n be a Cauchy sequence, i.e. for all 
seminorms IHI^rs an d all e > we find a K(m,£, R, S,e) such that for i,j > K we have 



II/,-/: 



\p,h 



< e. 



We first evaluate this for m = 1, £ = 1, R, S = 0. Let 

oo 1 



IJ=0 



be the Taylor expansion of fi then from (3.11) we see that the Taylor coefficients a^j form a Cauchy 
sequence for each /, J. Denote their limit by 



r (0 
au = nm a ) \ 

i— +oo 



(*) 



and define 



1 



IJ=0 



Then we want to show / G and — > /. To this end we first choose a smooth function 

/ G C°°(C ri ) with Taylor coefficients at p given by (*), which is possible thanks to the Borel Lemma. 
Since fi is a Cauchy sequence with respect to ||-||^ R s the sequence of seminorms ||/j||^ R s stays 
bounded as i — > 0. Thus we can again use the measure-theoretic point of view and write with the 
notation from the previous proof 



h 



= [ lim </>(f i )dfi m ' e ' R ' S ' n 
= / liminf</.(/j)d/x m ^ R ' S ' n 

< liminf f <f>(f i )dfi m > e ' R > S ' h 

< sM\\fi\C,R,sf ' ' 



< oo, 



by Fatou's Lemma. Thus / G A p fi and hence / as in (*) is the unique real-analytic representative 
in A p fi. Next we compute using (3.14) 



\\f-fi nP * 



< 



< 



m,e,R,S 

(/ - fi) - (/ - N ' M) 
(/ - h) - (/ - N ' M) 



p,h 






+ 


m,e,R,S 




p,h 






+ 


m,e,R,S 





j?(N,M) _ f(N,M) 
j?(N,M) _ j{N,M) 



m,e,R,S 
p,h 

m,e,R,S 



, AN,M) _ AN,M) 
'J j J i 

+ Wfj - fi\\m,£,R,S ■ 



p,h 

m,e,R,S 
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Now we fix e > and K such that the last term is smaller than e/3 for i, j > K. For such an i we fix 
N, M such that the first term is smaller e/3 thanks to Theorem 3.9. Finally, for this choice of N, M 
we can find j large enough that the second term is smaller e/3 since we have two polynomials of fixed 
degree (N, M) whose coefficients converge. This finally proves fi — > / with respect to |H|^ RS - ■ 



4 The continuity of * 



Wick 



From Proposition 3.7 we know that on the subspace C[z, z] C the Wick star product *w ick * s 
well-defined and continuous with respect to the topology of A Pt n- Since on the other hand <D[z, z] is 
a dense subspace by Theorem 3.9 the Wick star product extends uniquely to a continuous product 
on Apfi which thereby becomes a Frechet algebra. However, from this abstract extension we cannot 
yet conclude whether the formula (2.3) with A being replaced by h is still true. Thus we need an 
additional argument. 

Let i e {0, ... ,2 m - 1} be written as i = C-i2 m_1 + ■■■ + £i2 + £ with £ m _i,...,£ G {0,1}. 
Then we define e^ = (— l) £m - lH h£ ° . With this notation we can prove the following continuity 
property of the partial derivatives: 



Proposition 4.1 Let f G C°°(C™) then we have 
^(2^)1^1+1^1 



am+|j| / 



dz T dz J 



< 



P m AR+l,S+J f° r zt = + 1 
vfi I 1 



(4.1) 



m,e,R,S 

Proof: Clearly, for m = (and hence t = 0) we even have the equality 



(2ft)l'M J l 



dz I dz J 



0,0,R+I,S+J 



0,0,R,S 



by the very definition of IMIo'o R s~ Thus we prove the claim by induction on m. Let first be i even 
and e£ = +1. Then e^/ 2 = +1 as weu an d we have by induction 

< R , S (\A 2 *)'" +|J 'S) £ (E £ ffl(T)'?-M/ WW (fl) 

oo /-R+/ Af+5+J ^ 2 

= E jV? ( E E (k-i) (i-j)^m-l,^/ 



(/) 



AT=0 



\X=/ L=J 



oo /_R+/ Af+5+J 

_ I ^ 

AM . 

\A"=J L=J 



(/) 



Ar=0 
— n m,e,R+I,S+J 



(/) 



For e^ = e^ 2 = — 1 we get h^ i e R+J S+I (f) instead and the two cases with odd I are analogous. ■ 

From Theorem 3.9 we see that the polynomials 

(i J (z,z) = (z-p) I (z-p) J (4.2) 

form a countable unconditional topological basis for A v ^%. The proposition now implies that we 
even have a Schauder basis: 



12 



Corollary 4.2 The polynomials {( p }i,j<=N n form an unconditional Schauder basis for A p< n,- 
Proof: By Theorem 3.9 we have the unconditional convergence 



/ 



-—S 1J (f)C J 
i,j=o 



and the (I, J)-th derivative 5p J of the 5-functionals are continuous linear functionals on A p ^ by- 
Proposition 4.1. This implies the result, see e.g. [29, Sect. 14.2] for a definition of a Schauder basis. 



(2ft) 



\i\+\J\ 



(p) < </, J (/) • 



Now we first consider the case m = 0. Here we have by the Leibniz rule 



= E 



(2^) 



|JV|+|R|+|5| 



7V=0 

oo 



AT! 



Z_> J ) Q z i(jz J dz R ~ I &z N+s ~ J 



1=0 J=0 
R N+S 



(nfj\\N\+\R\+\S\ , 

sE^ — EE(?)(T) 



7V=0 



a=o j=o 



dz I cfz J 



GO 



(P) 

0|fl-J|+|JV+S-J|„ 



< E m f E E (?) (T ) 7<^v / ^. 

7V=0 ' \i=0 J=0 



\ 2 



(p) 



N+S-J 



(5) 



<Eb EE (?)(TX,,,,(/> EE ffiDCw 



AT! , 

Af=0 \J=0 J=0 



a=o j=o 



< 



ij N+S 



\| AT=0 ' \J=0 J=0 y 



\ Ef EEtSW^M 

^ 7V=0 ' \/=0 J=0 / 
ft?,0,R,5 (f)\f h lfl,R,S (9), 



(4.3) 



The next proposition shows that the pointwise product is continuous in the topology of A p ^: 
Proposition 4.3 Let f,g e C°°(C n ). Then we have 

Wf9\\m,£,R,S - WfWm+l,e,R,S H# Hm+l^,iZ,S ' 

whence A Pt n is a Frechet * -algebra with respect to the pointwise product. 
Proof: First recall that from the explicit form of the Wick star product we obtain 

d\n+\j\f 2 



(*) 



using twice the Cauchy Schwarz inequality in the last steps. For m > 1 we proceed by a straight- 
forward induction for the two cases of I even and odd separately. ■ 



13 



Corollary 4.4 A Pt n is a Frechet-P oisson * -algebra. 

Proof: Clearly, the canonical Poisson bracket is continuous as {/, g} is the sum of pointwise 
products of partial derivatives of / and g. ■ 

Combining the last two propositions we can finally show the continuity of the Wick star product: 
we even show that the series (2.3) converges in the topology of A p ^ if we replace A by any complex 
number a: 



Theorem 4.5 The Wick star product 



a _ " (2a)\ N \ dWfd^g 

/*wickS 2^ N \ Qz N dz N 

N=0 



(4.4) 



converges absolutely in the topology of A Pt n, for all a G C and gives a continuous associative product. 
If a = h > then A Pj n becomes a Frechet * -algebra with respect to *^ ick as the product and the 
complex conjugation as the * -involution. 

Proof: Let /, g G A p ^ then we have for even t and eg = +1 



^ m dz N dz N 



N=0 



|2og 

N=0 



d \N\ f Q\N\ 



m,£,0,0 

p,h 

9" 



dz N 9z N 



Prop. 4.3 



< E 



\2a\ 



\N\ 



N=0 



Prop. 4.1 



< E 



Af=0 



TV! 

I ai|AT| 

JV! 



0M/ 



m,£,0,0 

p,h 



m+1/,0,0 



Q\N\ 



dz 



N 



p,h 

m+1/,0,0 



p,h II np,?i 

m+l,^,AT,0 W9\\m+l,e,0,N 



00 |^||AT| 



- \ E jvi (ll/llm+i^Ar,o) a E \ri (llfllm+i,AO,Ar) 

\J iV=0 ' \| iV=0 



00 I«||AT| 



Prop. 3.3 

< 



00 l Q ll^l / 

V III' ( 2m+ tm\\fm n 

\ TV' V Hm+2,2^+1,0,0 

\ iV=0 



\ 



oo I a 1 1 ATI 



E 

AT=0 



AH 



2m + 3 



m+2,2^,0,0 



111 2-+2 



E 

\N=Q 



p,h || ||P,ft 

m+2, 22+1,0,0 Hfl'llm+2,2^0,0 ' 



- c m(?) 



Since c m (f ) converges for all a G C we have shown the convergence of (4.4) with respect to 
ll'llm^oo f° r even ^ an< ^ ei = ^he other three cases are shown analogously As the topology 
of A p fi is already determined by the seminorms IHIm^oo * ne absolute convergence in the topology 
of A Pj n follows. From the above estimate (and the analogous ones for odd £ etc.) one also obtains 
the continuity of *^ ick . If a = h is real, then the complex conjugation is a *-involution showing the 
last statement. ■ 
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Corollary 4.6 The Wick star product *^ ick is a holomorphic deformation of the pointwise product 
in the sense of [43]. 



Corollary 4.7 For f,g € A P: n we have 

— \\f\\m+l,2 m +£,R,S \\9\\m+l,e,R,S ■ 



/ *Wick3 



m,£,R,S 

Proof: This follows from Proposition 3.7, the density of C[z,z] in A Pt n, and the continuity of 



ck" 



Though Apfi becomes a Frechet *-algebra, the topology is not locally m-convex in the sense 
of [37], see also [43, App. A]. Recall that a locally convex algebra is called locally m-convex if 
there exist a set of seminorms ||-||j defining the topology such that ||ab||j < ||a||j Such locally 
m-convex algebras always have a holomorphic calculus which fails for A p ^\ 

Example 4.8 We consider the entire function / G 0(C) defined by 

oo r 



r=0 

Then it is easy to see that / *w ick / evaluated at z = converges only for h = 0. Since clearly 
the 5-functional S p : A Pt n, — > C is continuous we conclude that / Aq^. This shows that Aq^ 
does not allow a holomorphic functional calculus as z G Aq^ and the *^, ick -Taylor expansion of 
/ would again coincide with / since *^ ick -power of z coincide with the corresponding pointwise 
powers. Analogous arguments apply also for p / and higher dimensions n > 1. 

Corollary 4.9 The topology of A Pt n is not locally m-convex with respect to the Wick star product 
*wick f or a M a an d there is no general holomorphic calculus for A p ^. 

In the following we shall equip A p ^ always with the Wick star product *wick- 

Remark 4.10 At this point it would be interesting to compare our algebra to the construction 
obtained in [40]: Here the authors consider the Weyl-Moyal star product, which on the formal level 
is known to be equivalent to the Wick star product, and establish a convergence scheme to obtain a 
certain Frechet algebra as the completion of the polynomials. However, their construction is rather 
different from ours whence it seems difficult to investigate whether the usual formal equivalence 
transformation survives the convergence conditions. 

5 Translations and rescalings 

We shall now discuss the dependence of Ap t n on the point p G <C n and on the value h > 0. We start 
with the dependence on the point p. 

Let a 6 <D n then for / £ A Pt n we define 

(r a f)(z,z)=f(z + a,z) (5.1) 

and 

(raf)(z,z) = f(z,z + a), (5.2) 
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which is well-defined according to Theorem 3.6, Part Hi.). Moreover, we consider the functions 

e s ,f,(z,z) = e rBS f } e** + P*, (5.3) 

which are elements in A P) n according to Theorem 3.6, Part iv.). The following lemma is a simple 
computation, the results of which are well-known in the case of the formal Wick star product: 

Lemma 5.1 Let a,(3,j,5 G <D n . Then we have for all f G A p fi'- 
U.) <ia,p *wick / = Za,pT 2 mf- 

Hi-) /*wick e S,/3 = ZafiT 2 hpf- 

iv.) The maps r a and Ta are continuous linear bisections 

T ai T~a '■ A p fi > A p fi. (5-4) 

Proof: The only non-trivial point here is that for / G A P: n we have 

f- aN dlN \f 

and analogously for f s since / has a extension to / € 0x0 (C™ x C n ). Then the computations for 
the first three parts are folklore. The last part follows from 

r a f = e _ «_ (f *wick e o,^) (*) 

and the continuity of the pointwise multiplication as well as of the continuity of *^ ick . The same 
argument applies for f«. From (*) one can easily work out explicit estimates for ||T a /||^^ R s and 

ll^a/llm^ilS us i n S Proposition 4.3 and Corollary 4.7. ■ 

Corollary 5.2 Let a,0€ C n . 

i) e a,/3 ^ A P) n is invertible with respect to *wick with inverse given by e_Q ; _g. 

H-) £a,/3 is unitary iff a = —(3 since in general = e ~0 a - 

We introduce now the following notation. For w G <C n we denote the translation by w by 
T w (z) = z + w whence we have the corresponding pull-back on functions (T,*f)(z) = f(z + w). 
Moreover, we set 

u w = ei. w _i. w e A P:h , (5.5) 
which is a unitary element of A p ^ according to Corollary 5.2. 

Proposition 5.3 The translation group <C n acts via pull-backs by continuous inner * -automor- 
phisms 

T* = Ad Wick (u m ) (5.6) 



on A 



p,h- 
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Proof: This is a simple consequence of Lemma 5.1 and the fact that u w is unitary. 



Remark 5.4 We remark that on a heuristic level (or on polynomial functions only) the statement 
of this proposition is folklore. Note that it is clear, that for the formal Wick star product the 
statement is wrong: the translations are only outer automorphisms as the elements u w are not 
well-defined as formal series in A. In fact, it was one of our main motivations to find a reasonably 
large algebra where the statement of the proposition is still true, extending the polynomials. 

The fact that the translations act by inner automorphisms will immediately imply the following 
result: 

Theorem 5.5 Letp,p' £ <C n . Then 
as Frechet * -algebras. 

Proof: Let / e A p ^ be given and w = p' — p. Then we have on one hand 

ll/llm^,R,S = \\ T wf\\m,e,R,S < 00 

sine© 

3\I\+\J\f Q\I\+\J\(T* f) 

L(p') = - { wJ '(p), 

and in the definition of ||-||^ R s only the Taylor coefficients of / at p are used while the combina- 
torial coefficients in the construction are the same for all points p', p. This shows / G A p ^n whence 
by symmetry the equality (5.7) as vector spaces follows. On the other hand we have 



P ',h 
m,e,R,S 



U w *Wick / *Wick U ~ 



< \\v- \\ p ' h II f\\ pA II?/ 



m,i,R,S " " ,|| m+l,2 m +fAS »•> ll m +2,2 m + 1 +£,_R,5 » "™ »m+2,e,R,S ' 



This shows that the seminorms ||-|lm £ J? s can ' 3e es ti ma ted against the seminorms ||-||^ R s whence 
the topology of A v >^ is coarser than the one of A p fi. By symmetry p' <-> p we see that they actually 
coincide. The algebraic structures are the same anyway whence the theorem is shown. ■ 

Thus we see a posteriori that the construction of the Frechet algebra A v ^ does not depend on 
our choice p G C™. Hence we can simply write An = A p ^ from now on. Note however, that the 
system of seminorms || ■ llm £ R S depends on the choice of p, only the induced topology is independent 
of p. 

As in the formal case, all (5-functionals are positive: 
Corollary 5.6 All S -Junctionals 

5 p :A h ^<C (5.8) 

are continuous positive linear junctionals. 

Proof: The positivity is clear from (4.4) with a = H > and the continuity follows from the 
theorem as |<5 p (/)| < H/H^V ■ 



Corollary 5.7 The Frechet topology of An, is finer than the topology of pointwise convergence. 
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In the next step we want to analyze the continuity properties of the group representation 
w ^ further. To this end we consider the dependence of the elements u w on w. Since 

«»4««=e"» ImW «»+« (5-9) 

the map w i— ► u w is not a group morphism. Since e~ 21 Im (<™) j s eV en a non-trivial group cocycle 
we need to pass to the central extension of the translation group C n by this cocycle, i.e. to the 
Heisenberg group H n . Here we use the convention that H n = C ra x R with multiplication law 

(to, c) • (to', c') = (w + u/, c + c' + Im(uJw'))- (5.10) 

Then it follows that 

H n 9 (w,c) 1 ^ u (WiC) = e~^ c u w € U(^) (5.11) 

is a group morphism from H n into the group of unitaries U(>A^) in A^. Since e~ 2h c is central, (5.11) 
factors to the group morphism w ^ T*, i.e. we have 

Ad Wick ( , U( TO)C )) = Ad Wick (ti UI ) = r w (5-12) 

for all (w,c) £ H n . The Lie algebra f) n of H n can be identified with H n via the exponential map. 
Then the Lie bracket is given by [(w,c),(w' ,c')] = (0, 2Im(wu/)). The next theorem shows that 
the group morphism H n — ► U(A^) is analytic and induces a Lie algebra morphism f) ra — ► A^: 

Theorem 5.8 i.) The map rj n = H n 9 (w,c) 1— > u^c) is analytic with respect to the topology of 
ii.) The generator J( w ^ of the one-parameter group 1 1— > u^ tw ^ is given by 



J( W ,C)(Z,Z) = ^ 



i 1 

^(to,t c ) = -^c+— (wz-wz), (5.13) 



f) ra 9 (w, c) 1 ^ «/( w , c ) G -Aft is a i«e algebra morphism where An is equipped with the 
*wick" commutator as Lie bracket. 

Hi.) We have for all k 

Ak n h 

U (tw,tc) = J(w,c) *Wick ' ' ' *Wick J(w,c)i (5-14) 



dt k 



* ^ k times 



and explicitly for c = 

[k/2] 

t\{k - 2l)\ \ Ah \ 2h 



dt k 



Ek\ I WW\ (WZ — WZ\ ,r tr\ 



t=o £=0 



Proof: We have U(„, jC )(2,z) = e~^ c ~^ + ^( wz ~ wz ' ) . The first factors e~2k c and e - ^ are clearly 
analytic as they are analytic functions times a fixed element (the identity) in An- For the remaining 
factor we see that the (z, z)-Taylor expansion, which converges unconditionally in the topology of 
An coincides up to numerical factors with the (w, w;)-Taylor expansion of this function. Thus the 
(w, wJ)-Taylor expansion converges also in An unconditionally which shows the first part. The 
second part is a trivial computation. For the third part, the contribution of c is not essential 
whence we discuss the case c = only. A straightforward computation of the Taylor expansion in 
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t gives immediately (5.15). On the other hand, the k-ih power of the linear function J w = J^o) 
satisfies the recursion formula 

j±k _ j T*(k-i) , , k _ n ^ 7*(*-2) 

' J w — J W'J W ' \*> ,J w 1 

which follows easily from the fact that partial derivatives are derivations of *w ick an d w-§=J w = ^ 
is central. In a last step one shows that also the right hand side of (5.15) satisfies this recursion 
with the same initial conditions for k = 0, 1. ■ 



Corollary 5.9 Let w £ C™ then the -k^^- exponential function 

°° t k 

Exp (tJ w ) = YjT\ Jw *wick ' • ' *wick J ™ = u tw (5.16) 

k times 

converges unconditionally in the topology of An for all t£l. 

Remark 5.10 Again, the importance of this corollary is not the explicit computation of the star 
exponential which is folklore. Instead, we have found a well-defined analytic framework where the 
formula actually converges inside an algebra of functions. Note also, that in general we cannot 
expect such a convergence as An, does not allow a holomorphic functional calculus in general. 

Let us now discuss the dependence on the parameter h. From a simple dimensional analysis we 
see that with our convention for the Poisson bracket {z k ,z £ } = j5 ki the coordinates have to have 

the physical dimension [action] 2. Thus a rescaling of h~, which physically is of course absurd, has 
to be reinterpreted as a rescaling of the coordinates (z,z): we are not changing the value h but the 
unit system. On the other hand, from a purely mathematical point of view we cannot distinguish 
these two interpretations. As we do not have any additional absolute scale in our approach, the 
corresponding algebras An and Am should be isomorphic in order to be physically reasonable. The 
following theorem will show that this is indeed the case. 
We define for a > the diffeomorphism R a : <D n — ► C™ 

R a (z) = (5-17) 

whose inverse is Ri . 

Theorem 5.11 The pull-back i2* induces an isomorphism of Frechet *-algebras 

R* a :A ah ^A h . (5.18) 

In particular, we have for all f £ A a fi 

WKfC h e,R,s = \\fCt,R,s- (5-19) 
Proof: Let / e A a n be given. Then we have 

d |/|+|J| TO) _ /-m + i^* (d^A 
dz I &z J v a [ dzW J 
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and thus 



|D* f i|0,ft _ y ( 2h ) 
\ n cJ\\o,0,R,S ~ / , 



\N\+\R\+\S\ 



N=0 



d \N\+\R\+\S\( R *J) 



(2ah)\ N \+\ R \+\ s \ 



N=0 



dz R dz N+s 

q\n\+\r\+\s\ t 



(0) 



OzRfaN+S 



(0) 



0,ah 
0,O,R,S ■ 



Since the higher seminorms are constructed in a purely combinatorial way out of IHIo'oRS' we can 
conclude (5.19). This shows that i?* : A a h — ► Ah is an isomorphism of Frechet spaces as we can 
exchange the role of h and ah by passing from a to — . Then it is easy to see that -R* is an algebra 
morphism: we use the convergence of (4.4) and the continuity of i?* to obtain 



\N=0 



E 

N=0 



Rotf *Wick R(x9- 



dz N 



dz N 



The compatibility with the complex conjugation R* a f = R* a f is obvious. 



Remark 5.12 Of course we can also directly compare the seminorms for different values of h. 
Clearly, one has 



< 



0,0,R,S — \\J \\0,0,R,S 



0,ti 



for h < h' whence by induction 



o,h 



\m,l,R,S 

as well. For h < h' this gives the inclusion 



< 



m,£,R,S 



An C An- 



(5.20) 
(5.21) 

(5.22) 



6 The GNS construction and coherent states 

We shall now discuss the GNS construction corresponding to the positive 5-functionals 

5 P : An — ► C, 

now in the convergent situation. 

Proposition 6.1 Let p £ C n . Then the Gel'fand ideal of 8 P is given by 

Q\r\ f 



3p=<feA h 



VI : 



dz 1 



(p)=o , 



(6.1) 



(6.2) 



and the GNS pre-Hilbert space D p = Ah/d P is a Frechet space in the natural way, where the topology 
of Tip is determined by the seminorms 



m,e,R,S 



M{\\f + g\\ p r * tAS \g£dp} 



(6.3) 
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Proof: The statement (6.2) is obvious. Since S p is continuous, the Gel'fand ideal is a closed 
subspace of An- Thus the quotient D p is again a Frechet space by general arguments, see e.g. [29, 
Sect. 4.4, Prop. 1]. ■ 

Since the translation group acts by inner *-automorphisms we can safely specialize to the case 
p = in a first step. Then we can describe the quotient Do more explicitly: 

Theorem 6.2 Let f,g € A h . 

i.) The z-Taylor expansion ^ : A% — ► A% defined by 

( °° 1 8\ ! \ f \ 



is a continuous projection with 
In fact, 



kertf = 3 - (6.5) 



l*/ie A 5<ll/tW 5 (6-6) 



where equality holds if and only if f is anti-holomorphic. 

ii.) The quotient Do is canonically isomorphic as a Frechet space to the image D = im ^ of VP 
via 

D 9 [/] ~ */€3>. (6.7) 

In particular, 

Hi.) The space D is a dense subspace of the Bargmann-Fock Hilbert space fj B F- The map (6.7) 
is an isometry of pre-Hilbert spaces and the Frechet topology of D is finer than the topology 
induced from the Hilbert space SJbf ■ 

iv. ) The GNS representation on Do induces via (6.7) the Bargmann-Fock representation of An on 

D, explicitly given by 

1=0 \j=o I 

where both series converge in the topology ofD. 

v. ) The bilinear map An x D 3 (/, \I/ S ) i— > 7r(/)\l/ g £ D is continuous with respect to the Frechet 

topologies of An andD, respectively. 

Proof: For the first part we have ^f(z) = f(0,z) whence Vf/ is indeed a well-defined anti- 
holomorphic function. Moreover, (6.6) is clear from our consideration in the proof of Theorem 3.9 
since in the seminorm of ^ j simply less Taylor coefficients contribute compared to the corresponding 
seminorm of /. Thus tyf € An and * is continuous. From the explicit form of \t the equality (6.5) 
and VP 2 = ^ are obvious. For the second part we first notice that (6.7) is well-defined and bijective 
since f — *$>f £ ker = do using the fact that ^ is a projection. Moreover, (6.8) follows directly 
from (6.6) since obviously ||[/]||^.rs < ll^/llm^ r s- Since the inverse of (6.7) is simply given 
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by the well-defined and continuous map ^ [/], we see that (6.7) is indeed an isomorphism of 
Frechet spaces. For the third part we compute explicitly the GNS inner product on £>o 



([/l.[s]> Db = W*Ls) 



~ 2^ m dz N W W 



N=0 

oo 



~ 2L, TV! ^ W ^iv W 

jv=o 

= <*/,*fl>BP' 

whence (6.7) is isometric. In particular D C ,fj BF follows, as 

<*/,*/>„ = (7*0u*/)(o) = (ll/llS;S >0 ,o) 2 < °°- (*) 

Since C[z] C J) C $)bf, the subspace D is dense in £) B f- Moreover, since ||/||o'ooo = ll^/lloo oo ^ e 
estimate (*) implies that the Frechet topology of D is finer than the topology induced from f) BF . 
This shows the third part. For the fourth part recall that the GNS representation is defined by 
6(f)[g] = [f+wickd] which translates via (6.7) into 

= ^ v oo (2fe)l^l 9 \N\ fS \N\ g 
2^JV=0 AT! g z N g^N 

(a)f,(2^l 

= ,yi *al"l/^el"l fl 

7V=o ' ^ S"^ 



oo 
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v (2^ / 1 ttW+Mf _ M \ d^V 

where (a) holds since \l/ is continuous and (b) holds since obviously is a homomorphism of the 
pointwise product. Finally, in the last step we have used that * commutes with derivatives in 
z-direction. This shows the fourth part and the last part follows immediately from ir(f)^ g = 
* f4.fi n = ^ f4.fi * and the continuity of ^ and ★wirw * 

J*Wick# /*Wick W 9 J Wlck 

Corollary 6.3 The Bargmann-Fock representation of An, is injective. 

The following corollary is remarkable in so far as closed subspaces of Frechet spaces usually do not 
have complementary closed subspaces: 

Corollary 6.4 The algebra An decomposes into two complementary closed subspaces An = T> ©0o- 
Remark 6.5 Since the Bargmann-Fock representation is injective and since 

= 2^ = a t (6.10) 
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= a] (6.11) 

are the annihilation and creation operators we find another interpretation of the algebra An- it is a 
(rather large) completion of the polynomials in the creation and annihilation operators in a certain 
Frechet topology. In particular, this completion contains the usual unitary generators of the Weyl 
algebra, i.e. the exponential functions of a, and a\. The are given by ir{&a,(}) for suitable a, (3 G C n . 

Remark 6.6 Since the Bargmann-Fock representation is a ^representation of the *-algebra An 
by (in general) unbounded operators with common domain D, one can investigate the resulting 
0*-algebra of unbounded operators by techniques as developed in e.g. [45]. In particular, it would 
be interesting to find more concrete characterizations of the Frechet topologies of 2) and An,. 

We now discuss the action of the translation group <C n and its central extension H n . The 
following statement is obvious, the representation itself being well-known: 

Lemma 6.7 The map 

H n B (w,c) i ^ f/( W)C) = 7r(« (t£ , jC )) G U(f)BF) (6.12) 
is a strongly continuous unitary representation of the Heisenberg group. Explicitly, 

(U( w ,c)Wz) =e-^ c -^e-^4>{z + w) (6.13) 
for ip £ $) BF . It factors to a projective representation U w = U( w ^ of the translation group (D n . 

Proof: Since tt is a ^representation it follows that n(ur WjC \) is a unitary operator defined on the 
dense domain D. Thus it extends to a unitary operator on Sj BF . The group representation prop- 
erty is obvious from (5.11). The explicit formula is a simple consequence of (6.9). The fact that 
(6.12) is strongly continuous is well-known but can also be shown within our approach directly: 
let (f>,ip € 3} then g(w,c) = (ip, U( WjC -)<f>) is real-analytic since (-,-) BF and it are continuous with 
respect to the Frechet topology and (w, c) i— ► ur w>c -\ is real-analytic according to Theorem 5.8. Since 
g(0, 0) = (tp, 4>) B F we see ^ na ^ on ^ ne dense domain D the representation (6.12) is weakly continuous 
at the identity. But this implies that it is strongly continuous on the whole group H n and on the 
whole Hilbert space £)bf- Since the contribution of c is only an overall phase, the representation 
clearly factors to a projective representation of C™. ■ 

Since we have a group action of H n we can formulate now the following covariance property 
of the Bargmann-Fock representation which is an obvious consequence of the fact that the *- 
automorphisms are inner. 

Theorem 6.8 The Bargmann-Fock representation is H n -covariant with respect to the action by 
* -automorphisms on An and the action by unitaries on F) B f, *-e. we have 

7r(Ad Wick (u Kc) )/) = U {WtC) ir(f)Uf WtC) = U w n(f)U* (6.14) 

for all (w, c) G H n and f £ An- 

Since the GNS representation is cyclic with cyclic vector $i = 1 we obtain coherent states with 
respect to the representation of H n . We define the coherent state vector ip( w , c ) £ Sbp by 

VV, C ) = U^ c) 4>! (6.15) 
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explicitly given by 

/ \ i _ I ww wz 

^ {W;C) (z) = e2h c +4 h e 2h . (6.16) 

From the covariance property (6.14) we immediately have the following characterization of the 
5- functional at arbitrary points in C ra : 

Corollary 6.9 The coherent state vectors give the 5 p -functionals as expectation value junctionals, 
i.e. we have 

$w{f) = (^( w ,c),^{f)^(w,c)) BF (6.17) 

for all f £ An and (w, c) £ H„. In particular, the group action of H n on the coherent state vectors 
factors through to a group action of the translation group <C n on the coherent states 5 W : An — ► C 

Remark 6.10 This corollary gives finally the justification to view the 5-functionals of the Wick 
star product algebra as coherent states with respect to the translation group. Though the explicit 
formula (6.16) is folklore (it is just the Bergmann kernel) we would like to emphasize that in our 
approach the coherent states emerge out of properties of the observable algebra instead of more 
conventional approaches based on group actions on the state vectors in some Hilbert space, see 
e.g. [42,48] for more references. In this sense our approach supports the idea that the observable 
algebra is the more fundamental object in both, quantum and classical mechanics. 

Remark 6.11 We also note that the statement of Theorem 6.8 as well as the Corollary 6.9 are not 
possible for the formal Bargmann-Fock representation. Again, this was one of our main motivations 
to consider a suitable convergence scheme for the Wick star product. 

The result of Theorem 6.8 and Corollary 6.9 suggest the following general definition of coherent 
states with respect to some symmetry based on the observable algebra: 

Definition 6.12 Let A be a * -algebra with unit 1 and let G be a group acting on A by * -automor- 
phisms & g : A — ► A. Let lo be a state of A such that the GNS representation is G-covariant, i.e. 
there exists a unitary (or more general: projectively unitary) representation U of G on the GNS 
pre-Hilbert space 0i w . Then the states u g with 

u g (a) = {uo<S> g )(a) = (V 9 ,vr(a)V 9 ), (6.18) 

where ip g = U*ipi G "K^, are called coherent with respect to G. 

Clearly, in case of a projective representation only the coherent states u> g are well-defined, while 
for a unitary representation also the coherent state vectors if) g are well-defined. 

With the Heisenberg group acting on An and the (5-functional we are in this situation: if 
the action is realized by inner *-automorphisms then the representation is always covariant for a 
(in general only projective) representation on the GNS pre-Hilbert space. Note also, that for an 
invariant state u the GNS representation is trivially covariant. In this case ijj g = ipi coincides 
with the vacuum vector for all g 6 G. Thus the interesting coherent states arise from non-invariant 
vacua such that the GNS representation is nevertheless covariant. For a survey on covariant *- 
representation theory for *-algebras over ordered rings we refer to [28]. 

Let us now come to a further property of the subspace D C Sj BF . We have already seen that 
the action of H n leaves D invariant. 

Theorem 6.13 The vectors in D are analytic with respect to the unitary representation U o/H n . 
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Proof: Let ip G T) be fixed then we have to show that H„ 3 (w,c) U( w ^ip is analytic with 
respect to the topology of Sj BF . But this is simple since Ur WjC \ip = n{ur WjC -\)ip and (w,c) t— > U( wc ) 
is analytic in the topology of An- Moreover, the bilinear map (/, ip) i— ► ir(f)ip is continuous in 
the topologies of yi/j and 2). Thus the map (w,c) *— > Ur w ^ c \ip is analytic with respect to the topol- 
ogy of 2). Since by Theorem 6.2 this topology is finer than the one of fi BF , the proof is complete. ■ 

Thus it would be interesting to know whether D coincides with the space of all analytic vectors. 
A positive answer would help to understand the (still rather complicated) Frechet topology of D 
and hence the one of A%. 

Using the convergence of the star exponential (5.16) we even can specify the analyticity of the 
vectors in £> further. Since it is continuous with respect to the topologies of An and £>, we have 

oo ^ 

U( w , c )ip = 7r(u (WiC) )V> = vr (Exp(J (W|C ))) V = ^ ( J (™,c)Y il> (6.19) 

r=0 

with respect to the topology of D. Again, since the topology of D is finer than the one of ^ BP , the 
series converges unconditionally also in the Hilbert space sense. As usual, the contribution of c is 
not essential. 

Corollary 6.14 Let and w G <D n . Then the series 

°° i / w r ( n Y 

r=0 ' ^ ' \i=l / 

converges unconditionally in the Hilbert space topology. 

Of course we can also rewrite this in terms of the position and momentum operators 

Qk = \(a k + a ] k ) = ^{z k + z k ) (6.21) 

and 

P k = ^(a k -al) = ^n(z k -z k ), (6.22) 

defined as unbounded symmetric operators on D. Then (6.19) shows that for ip £ D we have the 
unconditionally convergent series 



r=0 

and 



r 



in the Hilbert space topology, for all q,p £ IR™ substituting w suitably. 

Of course, this also follows by 'Hilbert space techniques' from the strong continuity of the 
representation U and Theorem 6.13. Note however, that the above argument using the convergence 
of the star exponential is independent. 



25 



References 

[1] Bargmann, V.: On a Hilbert Space of Analytic Functions and an Associated Integral Transform, Part I. Comm. 
Pure Appl. Math 14 (1961), 187-214. 

[2] Bayen, F., Flato, M., Fr0nsdal, C, Lichnerowicz, A., Sternheimer, D.: Deformation Theory and 
Quantization. Ann. Phys. Ill (1978), 61-151. 

[3] Bertelson, M., Cahen, M., Gutt, S.: Equivalence of Star Products. Class. Quant. Grav. 14 (1997), A93- 
A107. 

[4] Bieliavsky, P.: Strict Quantization of Solvable Symmetric Spaces. J. of Symplectic Geometry 1.2 (2002), 
269-320. 

[5] Bordemann, M., Meinrenken, E., Schlichenmaier, M.: Toeplitz quantization of Kahler manifolds and 
gl(N),N -> oo limit. Commun. Math. Phys. 165 (1994), 281-296. 

[6] Bordemann, M., Neumaier, N., Pflaum, M. J., Waldmann, S.: On representations of star product algebras 
over cotangent spaces on Hermitian line bundles. J. Funct. Anal. 199 (2003), 1-47. 

[7] Bordemann, M., Neumaier, N., Waldmann, S.: Homogeneous Fedosov Star Products on Cotangent Bundles 
I: Weyl and Standard Ordering with Differential Operator Representation. Commun. Math. Phys. 198 (1998), 
363-396. 

[8] Bordemann, M., Neumaier, N., Waldmann, S.: Homogeneous Fedosov star products on cotangent bundles 
II: GNS representations, the WKB expansion, traces, and applications. J. Geom. Phys. 29 (1999), 199-234. 

[9] Bordemann, M., Waldmann, S.: A Fedosov Star Product of Wick Type for Kahler Manifolds. Lett. Math. 
Phys. 41 (1997), 243-253. 

[10] Bordemann, M., Waldmann, S.: Formal GNS Construction and States in Deformation Quantization. Com- 
mun. Math. Phys. 195 (1998), 549-583. 

[11] Bursztyn, H., Waldmann, S.: On Positive Deformations of * -Algebras. In: Dito, G., Sternheimer, D. 
(eds.): Conference Moshe Flato 1999. Quantization, Deformations, and Symmetries. [19], 69-80. 

[12] Bursztyn, H., Waldmann, S.: Hermitian star products are completely positive deformations. Preprint (FR- 
THEP 2004/18) math.QA/0410350 (October 2004), 8 pages. To appear in Lett. Math. Phys. 

[13] Cahen, M., Gutt, S., Rawnsley, J.: Quantization of Kahler Manifolds I: Geometric Interpretation of 
Berezin's Quantization. J. Geom. Phys. 7 (1990), 45-62. 

[14] Cahen, M., Gutt, S., Rawnsley, J.: Quantization of Kahler Manifolds. II. Trans. Am. Math. Soc. 337.1 
(1993), 73-98. 

[15] Cahen, M., Gutt, S., Rawnsley, J.: Quantization of Kahler Manifolds. III. Lett. Math. Phys. 30 (1994), 
291-305. 

[16] Cahen, M., Gutt, S., Rawnsley, J.: Quantization of Kahler Manifolds. IV. Lett. Math. Phys. 34 (1995), 
159-168. 

[17] Deligne, P.: Deformations de I'Algebre des Fonctions d'une Variete Symplectique: Comparaison entre Fedosov 
et DeWilde, Lecomte. Sel. Math. New Series 1.4 (1995), 667-697. 

[18] DeWilde, M., Lecomte, P. B. A.: Existence of Star- Products and of Formal Deformations of the Poisson 
Lie Algebra of Arbitrary Symplectic Manifolds. Lett. Math. Phys. 7 (1983), 487-496. 

[19] Dito, G., Sternheimer, D. (eds.): Conference Moshe Flato 1999. Quantization, Deformations, and Symme- 
tries. Mathematical Physics Studies no. 22. Kluwer Academic Publishers, Dordrecht, Boston, London, 2000. 

[20] Dito, G., Sternheimer, D.: Deformation quantization: genesis, developments and metamorphoses. In: 
Halbout, G. (eds.): Deformation quantization, vol. 1 in IRMA Lectures in Mathematics and Theoretical 
Physics, 9-54. Walter de Gruyter, Berlin, New York, 2002. 

[21] Dubois- Violette, M., Kriegl, A., Maeda, Y., Michor, P.: Smooth *-Algebras. In: Maeda, Y., Wata- 
mura, S. (eds.): Noncommutative Geometry and String Theory, vol. 144 in Prog. Theo. Phys. Suppl, 54-78. 
Yukawa Institute for Theoretical Physics, 2001. Proceedings of the International Workshop on Noncommutative 
Geometry and String Theory. 

[22] FEDOSOV, B. V.: Quantization and the Index. Sov. Phys. Dokl. 31.11 (1986), 877-878. 

[23] Fedosov, B. V.: Index Theorem in the Algebra of Quantum Observables. Sov. Phys. Dokl. 34.4 (1989), 319-321. 
[24] Fedosov, B. V.: Deformation Quantization and Index Theory. Akademie Verlag, Berlin, 1996. 



26 



[25] Gutt, S.: Variations on deformation quantization. In: DlTO, G., Sternheimer, D. (eds.): Conference 
Moshe Flato 1999. Quantization, Deformations, and Symmetries, Mathematical Physics Studies no. 21, 217- 
254. Kluwer Academic Publishers, Dordrecht, Boston, London, 2000. 

[26] Gutt, S., Rawnsley, J.: Equivalence of star products on a symplectic manifold; an introduction to Deligne's 
Cech cohomology classes. J. Geom. Phys. 29 (1999), 347-392. 

[27] Hansen, F.: Quantum Mechanics in Phase Space. Rep. Math. Phys. 19 (1984), 361-381. 

[28] Jansen, S., Waldmann, S.: The H-covariant strong Picard groupoid. Preprint (FR-THEP 2004/16) 
math.QA/0409130 v2 (2004), 50 pages. To appear in J. Pure Appl. Alg. 

[29] Jarchow, H.: Locally Convex Spaces. B. G. Teubner, Stuttdart, 1981. 

[30] Kammerer, J. B.: Analysis of the Moyal product in a flat space. J. Math. Phys. 27 (1986), 529-535. 

[31] Karabegov, A. V.: Deformation Quantization with Separation of Variables on a Kdhler Manifold. Commun. 
Math. Phys. 180 (1996), 745-755. 

[32] Karabegov, A. V.: On Fedosov's approach to Deformation Quantization with Separation of Variables. In: 
Dito, G., Sternheimer, D. (eds.): Conference Moshe Flato 1999. Quantization, Deformations, and Symme- 
tries. [19]. 

[33] Karabegov, A. V., Schlichenmaier, M.: Identification of Berezin-Toeplitz deformation quantization. J. 
reine angew. Math. 540 (2001), 49-76. 

[34] Kontsevich, M.: Deformation Quantization of Poisson manifolds. Lett. Math. Phys. 66 (2003), 157-216. 

[35] Landsman, N. P.: Mathematical Topics between Classical and Quantum Mechanics. Springer Monographs in 
Mathematics. Springer- Verlag, Berlin, Heidelberg, New York, 1998. 

[36] Maillard, J.-M.: On the twisted convolution product and the Weyl transformation of tempered distributions. 
J. Geom. Phys. 3.2 (1986), 230-261. 

[37] Michael, E. A.: Locally multiplicatively-convex topological algebras. Mem. Amer. Math. Soc. no. 11. AMS, 
Providence, R. L, 1952. 

[38] Nest, R., Tsygan, B.: Algebraic Index Theorem. Commun. Math. Phys. 172 (1995), 223-262. 

[39] Nest, R., Tsygan, B.: Algebraic Index Theorem for Families. Adv. Math. 113 (1995), 151-205. 

[40] Omori, H., Maeda, Y., Miyazaki, N., Yoshioka, A.: Deformation quantization of Frechet-Poisson algebras: 
convergence of the Moyal product. In: Dito, G., Sternheimer, D. (eds.): Conference Moshe Flato 1999. 
Quantization, Deformations, and Symmetries. [19], 233-245. 

[41] Omori, H., Maeda, Y., Yoshioka, A.: Weyl Manifolds and Deformation Quantization. Adv. Math. 85 
(1991), 224-255. 

[42] Perelomov, A.: Generalized coherent states and their applications. Texts and Monographs in Physics. Springer- 
Verlag, Berlin, 1986. 

[43] Pflaum, M. J., Schottenloher, M.: Holomorphic deformation of Hop f algebras and applications to quantum 
groups. J. Geom. Phys. 28 (1998), 31-44. 

[44] Rieffel, M. A.: Deformation Quantization of Heisenberg Manifolds. Commun. Math. Phys. 122 (1989), 
531-562. 

[45] Schmudgen, K.: Unbounded Operator Algebras and Representation Theory, vol. 37 in Operator Theory: Ad- 
vances and Applications. Birkhauser Verlag, Basel, Boston, Berlin, 1990. 

[46] Waldmann, S.: States and Representation Theory in Deformation Quantization. Rev. Math. Phys. 17 (2005), 
15-75. 

[47] Weinstein, A., Xu, P.: Hochschild cohomology and characteristic classes for star-products. In: Khovanskij, 
A., Varchenko, A., Vassiliev, V. (eds.): Geometry of differential equations. Dedicated to V. I. Arnold on 
the occasion of his 60th birthday, 177-194. American Mathematical Society, Providence, 1998. 

[48] Yaffe, L. G.: Large N limits as classical mechanics. Rev. Modern Phys. 54.2 (1982), 407-435. 



27 



